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Explicit Guidance of Aeroassisted Orbital Transfer
Using Matched Asymptotic Expansions
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An explicit guidance of aeroassisted orbital transfer by using the method of matched asymptotic expansions
is presented. The aeroassisted orbit transfer comprises three consecutive phases: a descending phase entering
atmospherewith a negative� ight path angle, a transatmospheric� ight to deplete its excess energy, and an ascending
� ight targeting the desired apogee. Feedback control via lift modulation is used to guide the vehicle during the
atmospheric � y-through, whereas a matched asymptotic solution for the exit trajectory is available to aim the
apogee of the target orbit, thus determining the pull-up condition. The feedback control ensures the stability of a
trajectory around the nominal trajectory by compensating for the nonlinear terms in the motion of the vehicle.
When the method of matched asymptotic expansions is used, the control algorithms for the explicit guidance
are derived and tested against the 1976 U.S. Standard Atmosphere. Simulation results indicate that the control
algorithms can effectively control the trajectories in both the lower atmosphere and in the exit phase under the
targeting dispersions of atmospheric variations.

Introduction

T HE feasibility of constructing advanced space transportation
systems has received considerable attention. With the advent

of maneuverable aerospace vehicles, the concept of aeroassist for
orbital transfer operations has been recognized as one of sev-
eral critical technologiesfor future operations.Aeroassistedorbital
maneuvering is important in developing space transportation be-
cause aeroassisted transfer requires less fuel than the optimal all-
propulsive Hohmann transfer for a wide range of high-Earth-orbit
(HEO) to low-Earth-orbit (LEO) transfers.1;2 The research of guid-
ance for aeroassistedorbit transfer (AOT) has also received consid-
erable interest.3¡7 This paper presents an explicit guidance for AOT
by using the method of matched asymptotic expansions (MAE).8;9

The proposed approach employs a feedback control technique to
ensure the stability of a trajectory around the nominal trajectory
by compensating for the nonlinear terms in the motion of the vehi-
cle. The nominal trajectory generated by MAE is used to develop
the control expressions. Because the reference trajectory data are
produced analytically, the requirement is decreased for numerical
integration or trajectory data storage, thereby reducing the compu-
tational burden.The effectivenessof an analytical solution depends
on its accuracy. Because of the high accuracy of the solutions ob-
tained by MAE, it is adequate to derive an explicit guidance for
transatmosphericmotion of AOT.

The analytical solutions derived by this method, called compos-
ite solutions, are composed of three parts: outer expansions, inner
expansions, and the common limits of both expansions. The com-
posite solutions are constructedby summing up the outer and inner
expansionsand thensubtractingthe parts they have in common.10¡13

For atmosphericreentryproblems,theouterexpansionsdescribethe
solutionsat a high altitude, nearly in the vacuum, where the gravita-
tional force is predominant, and as such the motion is Keplerian.
On the other hand, the inner expansions are the solutions near
the planetary surface, where the aerodynamic forces are much
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stronger than the resultant of gravitational and centrifugal forces.
Such solutions are in explicit form, are uniformly valid in both
the vacuum and the atmospheric regions, and have been shown
to be highly accurate.8;9 Therefore, it is possible to develop ex-
plicit guidance schemes that are robust, of low complexity, and
inexpensive.

Complete solutionsforAOT by MAE include threearcs: descend-
ing arc, ascendingarc, and a reference trajectory in the lower layers
of atmosphere. The lowest limit of altitude for spacecraft entering
into the atmosphere is analytically predicted to provide the starting
point of a reference trajectory in the lower atmosphere. Controlling
the vehicle in the lower atmosphere is also highly desired because
the controllability of aerodynamic forces is nearly singular in the
upper atmosphere.Feedback controlvia lift modulation is then used
to guide the spacecraftalong the reference trajectory.The analytical
predictionsprovide a reference trajectoryas well as determine pull-
up conditions. Guidance laws such as constant altitude guidance,
constantclimb rate, and constant� ight-pathangle are candidatesfor
� ight in the lower atmosphere until a pull-up condition is satis� ed.
During the ascending phase, the predicted trajectory targeting the
apogee is applied to generate an analytic reference trajectoryfor the
exit � ight. Control over the ascending phase is again implemented
using feedbackcontrolvia liftmodulationalong the referencetrajec-
tory toward the desired apogee. Once at the apogee, the propulsive
system of the vehicle is activated for the � nal orbit insertion.

HEO-to-LEO Orbital Transfer
The problem of orbital transfer between two coplanar circular

orbits was � rst solved by Hohmann in 1925 (see Ref. 14). It can
be shown that for all-propulsive operation the Hohmann transfer
is the optimal way to perform this maneuver under the assump-
tion of using a high-thrust propulsive system. In 1961, London
demonstrated the possibilityof using aerodynamic forces in orbital
plane change.15 For transfer from HEO to LEO in the vicinity of an
atmosphere-bearingplanet, Mease and Vinh presented a numerical
solution for aeroassistedorbital transfer with nearly minimum fuel-
consumption.16 To utilize the analyticalMAE solutions, the motion
of an AOT vehicle (Fig. 1) starts with a retroburn 1V1 at HEO
radius r1 to inject the vehicle into an elliptical transfer orbit with
a hypothetical target perigee r p1 inside the atmosphere. As it � ies
through the atmosphere, the vehicle depletes excess kinetic energy.
As long as a pull-up condition is satis� ed, the vehicle skips out of
the atmosphere toward a target apogee with the distance r2. Then, a
second tangentialburn1V2 is applied to complete the � nal insertion
into the desiredcircularLEO. For an idealizedaeroassistedtransfer,
the vehicle grazes the boundary of the atmosphere with radius R.
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Fig. 1 HEO-to-LEO aeroassisted orbital transfer.

The dimensionless velocity change, normalized with respect to the
circular speed Vc D

p
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This is the lower bound for any realistic aeroassisted transfer.Com-
pared with the minimum-fuel, all-propulsive transfer mode, the
Hohmann transfer, the total dimensionless velocity change is
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As an example, for transfer from GEO (r1 D 42241 km) to a typ-
ical space shuttle orbit (r2 D 6728 km), the velocity changes are
1VH D 3866 m/s and 1VA D 1550 m/s. Notably, the aeroassisted
mode results in almost 60% fuel savings over the all-propulsive
mode if the heating and aerodynamic penalties are ignored. Unfor-
tunately, the equations of motion for transatmospheric� ight gener-
ally involve a set of highly nonlinear differential equations, which
can only be solved by resorting to numerical integration. Numeri-
cal approachesare often con� ned to a certain set of parameters, for
example, the initial conditions, the speci� c vehicle characteristics,
and the atmosphere model. With this in view, several analytical the-
ories have been proposed in the past by various researchers, such
as Chapman,17 Loh,18 and Yaroshevskii.19 In these analyses, strong
physical assumptions or empirical modi� cations were made to fa-
cilitate the analytical integration. Improved solutions for various
reentry problems using the MAE method have been developed.8;9

The MAE method is a powerful tool in the analysis of AOT vehi-
cle motion because it incorporates the knowledge of the physical
characteristics at the two-end boundaries of the reentry problem
and rigorous mathematical procedures. In our previous work using
MAE, we obtained accurate and explicit analytical solutions that
were uniformly valid from the vacuum through the atmosphere for
a variety of � ight conditions.We now proceed to consider the guid-
ance and control problem of AOT vehicles under the in� uence of
aerodynamicand atmosphericuncertaintiesby utilizingthe matched
asymptotic solutions.

Governing Equations
Consider a general case of planar atmospheric � ight of an AOT

vehicle, moving about a spherical planet with a nonrotating atmo-
sphere. When Fig. 2 is referred to and standard notation is used, the
governing equations are given by
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Fig. 2 Trajectory variables.

It is assumed that when r > R the � ight is Keplerian. Hence, we
shall assume that the centralgravitational� eld obeys the Newtonian
inverse square law, that is,

g D gs

¡
r 2

s

¯
r 2

¢
(4)

where subscript s denotes values at sea level. Furthermore, the lift
and drag coef� cients are normalized by C¤

L and C ¤
D , respectively,

CL D ¸C¤
L; CD D C¤

D.1 C ¸2/=2 (5)

where ¸ is the normalized lift control and superscript ¤ denotes the
coef� cients corresponding to the maximum lift-to-drag ratio E¤.
Moreover, we have assumed that the drag polar is parabolic.When
the following dimensionless variables and parameters are used,

u D V 2=gsrs; h D .r ¡ rs/=rs; B D ½s AC¤
L=2m¯;

½ D ½s exp.¡h="/; " D 1=¯rs (6)

the dimensionless equations of motion can be written as
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where " is a small parameter because ¯rs is large. For the Earth’s
atmosphere, approximately ¯rs D 900. Equations (7) constitute the
most appropriatedimensionlessequationsof motion for developing
the guidance and control of AOT vehicles using the MAE method
with lift modulation. Note that the µ equation is not involved in the
followinganalysisbecause µ is an ignorablecoordinatefor circular-
to-circular orbital transfer.

Solutions by MAE
The analytical solutions for AOT by MAE include three arcs: de-

scending arc, ascending arc, and a reference trajectory in the lower
layersof atmosphere.Solutions derivedby this method, called com-
posite solutions, are composed of three parts: outer expansions, in-
ner expansions, and the common limits of both expansions. The
composite solutions are formulated by adding the outer and inner
expansions and then subtracting the common limits under an ap-
propriate matching principle. Based on the zero-order composite
solutions,the � rst-ordersolutionsare obtainedby generatingpertur-
bation equationsfor the small discrepanciesbetween the zero-order
composite solutionsand the exact equations.Then, the perturbation
equationsare integratedseparatelynear the boundariesto obtain the
perturbed outer and inner expansions for a � rst-order matching.

Outer Expansions (Keplerian Region)
The outer expansions describe the solutions at a high altitude,

nearly in the vacuum where exp.¡h="/ ! 0. Here the gravitational
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force is predominant. Assume the following expansions with the
state vector x D [u; ° ]T

x D x0.h/ C "x1.h/ C "2x2.h/ C ¢ ¢ ¢ (8)

By substitution into Eq. (7) and when the outer limit is taken as
" ! 0 with the altitude variable and other dimensionless variables
held � xed, the zero-order equations in the outer expansions are
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¼
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Note that the effect of making " ! 0 is equivalent to taking the
atmosphere to the region near the vacuum. These are the equations
for Keplerian motion. The outer solutions are
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where u i is the initial speed of the elliptical transfer orbit at apogee
h1 . At atmospheric entry, we can obtain the entry conditions by
evaluating Eq. (10) at the entry altitude he.

Inner Expansions (Aerodynamic Predominant Region)
Using a stretching transformation

Nh D h=" (11)

the inner expansions are introduced to study the rapid change of
motion near the surface of the planet where the aerodynamic force
is dominant. We assume the following expansions:

x D Nx0.Nh/ C " Nx1.Nh/ C "2 Nx2.Nh/ C ¢ ¢ ¢ (12)

By substitution into the Eq. (7) and when the inner limit is taken as
" ! 0 with the new altitudevariable Nh and other dimensionlessvari-
ables held � xed, the zero-order equations for the inner expansions
are
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The zero-order equations can also be easily integrated to yield the
inner solutions

Nu0 D NC1 exp
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¶
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where NC1 and NC2 are the corresponding constants of integration to
be determined by matching with the outer expansions.

Zero-Order Composite Solutions
The zero-order composite solutions are constructedby summing

up the outer and inner solutions and subtracting the parts they have
in common to obtain the matched asymptotic solutions uniformly
valid over both the outer and the inner regions, that is,

xc D x0 C Nx0 ¡ x1 (15)

where x1 is the common limit de� ned by the matching principle
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By using the matchingcondition(16), we have the relationsbetween
NC1 and NC2 and the outer expansions:
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where hb is de� ned as the lowest limit of altitude for entry trajectory
with °c.hb/ D 0, that is,

1 D B¸ exp.¡hb="/ C NC2 (19)

First-Order Solutions
The � rst-order solutions are obtained by considering the small

discrepanciesbetween the exact equations and the zero-order com-
posite solutions. We � rst construct the perturbation equations by
letting

u D uc C z D u0 C Nu0 ¡ u1 C z

cos ° D cos°c C q D cos °0 C cos N° 0 ¡ cos °1 C q (20)

Substituting into the dimensionless governing equations (7) and
using the equationsof outer and inner expansionsfor simpli� cation,
we obtain the equations for the small perturbations z and q :
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The initial conditions for z and q are

z.he/ D 0; q.he/ D 0 (22)

where he denotes theentry altitude.Againwe integratetheequations
for the perturbations separately � rst in the outer region and then in
the inner region. On integrating in the outer region, we have the
outer solutions for the perturbation z and q

z0 D C3 D 0; q0 D C4

¯p
C1.1 C h/2 C 2.1 C h/ (23)

where C3 and C4 are the constants of integration.
In the inner region, the inner expansionsare obtainedby repeated

application of the inner limit with the inner variable Nh D h=" and
other dimensionless variables held � xed. The analytical derivation
is long and tedious and so we summarize it as follows: First, we
anticipate the inner expansions for the perturbations in the form

zi D Nz0.Nh/ C " Nz1.Nh/ C "2 Nz2.Nh/ C ¢ ¢ ¢

q i D "
£
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Then, substituting into Eq. (21) and separating terms of different
order in ", we integrate the zero-orderequationsof the perturbations
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in the inner region. It is pointed out that inner expansions for Nz0 are
not integrable,8 but Nq0 can be integrated nearly exactly with the
following limiting and approximate conditions:

u ! Nu0 C z ¼ Nu0; z ¿ 1

cos° ! cos N° 0 C q ¼ cos N° 0; q ¿ 1 (25)

On integrating,we have the inner solution for Nq0
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¹ D 1 ¡ NC2
2 (28)

We take the minus sign for descending arc and the plus sign for
ascending arc in Eq. (27). The composite solution qc.h/ is con-
structedby combining the outer and inner solutionsand relating the
integrationconstantsby asymptoticmatching with the initial condi-
tions Eq. (22). Then, accordingto Eq. (20), the � rst-ordercomposite
solution for ° is
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The � rst-order solution and the correspondingintegrationconstants
are now accented with a prime because we need to reevaluate all of
the constants of integrationand the conditionfor the lowest altitude
is now cos° 0

c D 1, that is,

B¸ exp.¡h 0
b="/ C NC 0

2 C "qc.h
0
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The solutionfor speed is also improvedbecausewe have new values
for the constants of integration and the lowest altitude h0
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Explicit Guidance for Lift Modulation
The transatmospheric motion in the AOT is considered in this

section.Because the analytic solutionsobtainedby MAE have been
shown to be very accurate,8;9 it is desired to generate autonomous
guidanceand controlstrategiesunder the considerationof parameter
uncertainties and unknown disturbances such as system modeling
uncertainty, atmospheric density � uctuation, aerodynamic coef� -
cient dispersion, and navigation errors.

Trajectory Tracking
Using dimensionless variables and the assumptions described in

Eqs. (4–6), the equations of motion are written as follows:
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where we have de� ned the dimensionless time as Nt ´ Vs t=rs , and
Vs D

p
.gsrs/ is the circular speed at the reference altitude. Equa-

tion (32) renders a suitable form to develop guidance and control
algorithms using MAE solutions. The control for trajectory track-
ing is derived through an equilibrium glide algorithm following a
reference trajectory. The control for equilibrium glide is based on
the radial component of the equation of motion. From Fig. 2 and
Eq. (3), the radial component of the equation of motion is

m
d2r

dt 2
D Lr ¡ Dr C m

.V cos ° /2

r
¡ mg (33)

where Lr and Dr are the radial components of the lift and drag,
respectively. By using dimensionless variables u and h to replace
V and r , we have

d2h

dNt 2
D

Bu exp.¡h="/

2"E¤ [2¸E¤ cos° ¡ .1 C ¸2/ sin ° ]
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.1 C h/
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This equation can also be derived from Eq. (32) by applying the
chain rule of calculus. De� ne a pseudocontrol as the ratio of the
acceleration to the gravity acceleration

´ ´ .Lr ¡ Dr /=mgs

D ½ AV 2

2mgs
.CL cos ° ¡ CD sin ° / (35)

For equilibrium altitude change rate, we set Eq. (33) to be zero,
which yields

´ D 1
.1 C h/2

¡
u cos2 °

.1 C h/
(36)

This value of control yields an equilibrium altitude change rate.
To establish equilibrium altitude rate for asymptotic tracking, an
altitudedamper is required.The controlequationfor thecommanded
pseudocontrol is de� ned as

´c D
1

.1 C h/2
¡

u cos2 °

.1 C h/
¡ K Ph.Ph ¡ Ph ref/ (37)

where K Ph is the feedback gain for altitude rate and Ph ref is the refer-
ence altitude rate obtained by using MAE solutions, that is,

Ph ref D
p

uc sin °c (38)

This indicates that the reference altitude change rate is an explicit
functionof the altitude.When Eqs. (35) and (37) are substitutedinto
Eq. (33), the radial equation of motion becomes

Rh C K Ph
Ph D K Ph

Ph ref (39)

Equation (39) results in a linear � rst-order differential equation for
the altitude rate tracking with a time constant chosen to achieve the
desired vehicle response:

¿ D 1=K Ph (40)
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On using dimensionless variables, the pseudocontrol in Eq. (35) is
written as

´c D
Bu exp.¡h="/

2"E¤

£
2¸c E ¤ cos ° ¡

¡
1 C ¸2

c

¢
sin °

¤
(41)

This is the radial forcerequiredperunitmass for equilibriumaltitude
rate. Notably, the sin ° term in Eq. (41) can be neglected because
the � ight-path angle stays small within a few degrees and the nom-
inal value for ¸c is near maximum to recover from the downward
plunge with large CL and, correspondingly,at a higher CD . Then,
the approximate actual lift control for trajectory tracking is solved
in terms of the pseudo-control:

¸c ¼ " sec °

Bu exp.¡h="/
´c (42)

This guidance is explicit because it is expressed in terms of current
state instead of the derivative of the current state with respect to a
nominal state. Note that the approximationused for the control law
is not necessary, but it has the advantage of revealing explicitly the
various effects of the speed, � ight-path angle, local density, and the
parameter B. Nevertheless, the exact relation for the control law will
also be given later.

Guidance at Lower Layers of Atmosphere
As the vehicle enters the atmosphere,analytical predictionof the

lowest altitude using MAE solutions is provided to be the starting
point of a reference trajectory in the lower layers of atmosphere.
Guidance laws such as constant altitude guidance, constant climb
rate, and constant � ight-path angle are candidates for � ight in the
lower atmosphereuntil a pull-up condition is satis� ed. In this paper,
the control for constant altitude guidance is considered because the
vehicle is not responsive to the aerodynamic forces in the higher
layers of atmospheredue to rare density.The pseudocontrolto track
a reference altitude is de� ned as

´c D 1

.1 C h/2
¡

u cos2 °

.1 C h/
¡ K Ph.Ph ¡ Ph ref/ ¡ Kh.h ¡ h ref/ (43)

Again, Ph is the altitude change rate and K Ph and Kh are the feedback
gains for the altitude rate and altitude, respectively.For guidance at
the lowest altitude hb , we have

Phref D 0; h ref D hb (44)

Then the radial equation of motion becomes

Rh C K Ph
Ph C Khh D Khhb (45)

This is a linear � rst-order differential equation for the altitude with
the following natural frequency and damping ratio:

!n D
p

Kh ; ³ D K Ph=2!n (46)

The control is nearly exact because for constant altitude � ight the
� ight-path angle is extremely close to zero:

¸c D " sec °

Bu exp.¡h="/
´c D "´c

Bu exp.¡h="/
(47)

Pull-Up Condition and Apogee Targeting
During the atmospheric � y-through, the vehicle depletes its ex-

cess kinetic energy, whereas an analytical prediction by using the
MAE solutionsprovides a referenceexit trajectory targeting the de-
sired apogee, thus determining the pull-up condition. The pull-up
condition has the form

u D u p D free; ° D °p D given; at h D h p (48)

where the pull-up speed is to be determinedby matching from outer
to inner solutions.The conditions at exit and at apogee are given as
follows:

ue D free; °e D free; at h D he (49)

u f D free; ° f D 0; at h D h2 (50)

Here u f is free, but it is desired to reach the apogee with as much
velocity as possible to minimize the 1V for the � nal insertion.
However, the state variables .u; ° / are coupled. Variables u and °
are not determined individuallywhen we apply the MAE solutions.
Therefore, using Eqs. (10), (14–17), and the composite solution
qc.h/, we reevaluate all constants of integration and construct the
composite solutions for the ascending trajectory,
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The matching condition is
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where subscript1e and 2e denote the constantsof integrationfor exit
trajectory and the accented prime is removed for simplicity. With
° D 0 and °p given at h D h p , we actually have four unknowns,
namely, C1e , C2e, u p , and u f , to be evaluated from Eqs. (51) and
(52). Now, the exit condition is no longer free and can be solved
uniquely by evaluating Eq. (51) at h D he :

uc.he/ D 2

³
1

1 C he
¡ 1

1 C hb

´
C NC1e exp

µ
.1 C ¸2/

¸E¤
N° 0.he/

¶

cos °c.he/ D
.1 C h2/

p
u f

.1 C he/
p

u0.he/
C B¸ exp.¡he="/ C "qc.he/

(53)

For the case of constant altitude guidance at the lowest altitude, we
have the pull-up condition

u p D NC1e; °p D 0; at h D h p D hb (54)

since

u p D 2

³
1

1 C h p
¡

1

1 C hb

´
C NC1e exp

µ
.1 C ¸2/

¸E¤ N° 0.hb/

¶
D NC1e

(55)

Note that thepull-upspeedis merely the innerconstantof integration
for the speed. Because the pull-up condition is determined, the exit
condition and the speed at apogee for the case of constant altitude
guidancecanbe solveduniquelyby usingMAE solutions.The speed
at the apogee will be

u f D 2

³
1

1 C h2
¡ 1

1 C hb

´
C NC1e exp

µ
.1 C ¸2/

¸E¤ cos¡1. NC2e/

¶

(56)

To target the prescribed apogee altitude h2 after exit from the at-
mosphere, the exit condition must satisfy the following constraint,
which is derived from conservationof energy and the conservation
of angularmomentum along the ascending trajectory to the apogee:

ue

£
.1 C h2/

2 ¡ .1 C he/
2 cos2 °e

¤
D 2.1 C h2/.h2 ¡ he/=.1 C he/

(57)
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Using runningstate variables(u, ° ) at h to replace the exit condition
and solving for h2, we are able to compute the resultant apogee
continuouslyalong the ascending trajectory:

h2 D ®
£
1 §

p
1 ¡ .2 ¡ ®u/®u cos2 °

¤¯
.2 ¡ ®u/ ¡ 1 (58)

where we have de� ned ® D 1 C h and the minus sign is for the
hypothetical perigee r p2 inside the atmosphere.

Exact Control Law
The actual control law ¸c can be solved exactly in terms of the

current state and the pseudocontrol´c . From Eq. (41), de� ne ·c as

·c D 2¸c E¤ cos ° ¡
¡
1 C ¸2

c

¢
sin ° (59)

Then, Eq. (41) becomes

´c D ·c
Bu exp.¡h="/

2"E¤
(60)

Because the sin ° term is no longerneglected,Eq. (59) is rearranged
into a quadratic equation of ¸c ,

¸2
c sin ° ¡ 2¸c E ¤ cos ° C ·c C sin ° D 0 (61)

Solving the quadratic equation yields the exact control law

¸c D E¤ cot ° §
p

E¤2 cot2 ° ¡ .1 C ·c csc° / (62)

where the plus sign is for negative � ight-path angle, minus is for
positive� ight-pathangle, and ·c is a functionof speed, altitude, and
the pseudocontrol,

·c D 2"E¤

Bu exp.¡h="/
´c (63)

However, it is seen that, in the exact control law Eq. (62), trigono-
metric functions, cotangent and cosecant, are involved. Thus, the
control is sensitive to truncationerror in computation for � ight with
small angle due to singularity at ° D 0. To overcome this weak-
ness, a better approach for the exact control is presented here for
comparison. First, we de� ne a mathematical parameter °E as

tan °E D 2¸c E ¤
¡
1 C ¸2

c

¢ (64)

and, conversely,

¸c D E¤= tan °E §
p

.E¤= tan°E /2 ¡ 1 (65)

Then, substituting into Eq. (59) and using addition and product
formulas of trigonometric functions yields

·c D
q

4¸2
c E¤2 C

¡
1 C ¸2

c

¢2
sin.°E ¡ ° / (66)

Solving for °E , we have

°E D ° C sin¡1
h
·c

.q
4¸2

c E ¤2 C
¡
1 C ¸2

c

¢2
i

(67)

Using Eq. (65), we have a nonlinear equation for °E :

·c D 2 sin.°E ¡ ° /

cos °E

³
E¤

tan °E

´"
E¤

tan °E
§

s³
E¤

tan °E

´2

¡ 1

#

(68)

For given speed and altitude, that is, given ·c, and the � ight-path
angle ° , we � rst compute °E , and then deduce the exact control law
using Eq. (65).

The exact control law is advantageous in the sense that it re-
veals the relation of the control law with respect to the ratio of
maximum lift-to-drag ratio to the lift-to-drag ratio required, that is,
E¤=tan °E D E ¤=E . Furthermore, for � ight at the maximum lift-to-
drag ratio, E D E¤, Eq. (65) gives ¸c D 1.

Numerical Example
This study develops an explicit guidance and obtains feedback

controls for AOT against parameter uncertainties and unknown
disturbances such as system modeling errors, atmospheric density
� uctuation, aerodynamic coef� cient dispersion, and navigation er-
rors. As a numerical example, the case of transfer from geostation-
ary Earth orbit (GEO) (r1 D 42241 km) to 350 km altitude LEO
(r2 D 6728 km) with constant altitude guidance in the lower layers
of atmosphere is considered. The exponential density model and
the 1976 U.S. Standard Atmosphere20 (US-76) are also considered
for comparison. The transfer initiates with an in-plane tangential
retroburndeorbit.The vehicleis then injectedinto an ellipticaltrans-
fer orbitwith a hypotheticaltargetperigeer p1 inside the atmosphere.
The vehicle has a maximum lift-to-drag ratio of E¤ D 1, and the
physical parameter selected for the vehicle is B D 2:68. This would
provide a sensible aerodynamicforce to start the entry at an altitude
of 120 km. To generate the reference trajectories, the nominal value
of the lift control ¸ is unity for entry and exit maneuvers, which
corresponds to � ying at the maximum lift-to-drag ratio. Figures 3

Fig. 3 Variations of velocity as functions of the altitude for various
hypothetical target perigees.
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and 4 plot the variations of the velocity and the � ight-path angle
as functions of the altitude for various r p1 , 6400, 6415, 6430 km,
respectively. For the � ight at the lowest altitude, the constant alti-
tude guidance is applied to all cases with K Ph D 0:42 and Kh D 0:09.
In Figs. 3 and 4, the solid lines denote the reference trajectories
generatedby MAE method. The dashed lines represent the trajecto-
ries computedby numerical integrationwith feedbackcontrolunder
the in� uence of US-76 atmospheric density dispersion,whereas the
dashed–dotted lines refer to the trajectories without feedback con-
trol. The feedback gain of altitude rate damper K Ph D 0:2, or equiv-
alently ¿ D 5 s, for trajectory tracking during entry and exit phases.
Figures 3 and 4 show that the errors of the dashed–dotted lines
propagate along the trajectories. On the other hand, a high degree

Fig. 4 Variations of � ight-path angle as functions of the altitude for
various hypothetical target perigees.

Fig. 5 Time history of state variables and the lift control.

Table 1 Trajectory elements and characteristic velocity changes

rp1 km

Parameter 6400 6415 6430

Vi , m/s 10315.86 10316.10 10316.35
°i , deg ¡6.4939 ¡5.9733 ¡5.4039
1V1 , m/s 1496.91 1495.31 1493.70
Hb , km

Reference trajectory 51.15028 54.67923 60.14582
US-76 51.87430 55.59558 61.04770
Traj W/FB 51.03356 54.53527 59.96581

Vp , m/s
Reference trajectory 8296.01 8241.43 8160.75
US-76 8245.55 8180.52 8107.95
Traj W/FB 8314.99 8261.20 8182.10

Ve , m/s
Reference trajectory 7716.45 7780.19 7835.78
US-76 7661.68 7709.71 7766.72
Traj W/FB 7741.11 7804.48 7861.18

°e, deg
Reference trajectory 3.415812 2.764273 2.040321
US-76 3.325152 2.624797 1.875570
Traj W/FB 3.378347 2.727480 2.006007

1V2 , m/s
Reference trajectory 262.02 196.27 138.37
US-76 286.91 219.75 145.88
Traj W/FB 248.95 187.83 137.74

1V1 C 1V2
Reference trajectory 1758.93 1691.58 1632.07
US-76 1783.82 1715.06 1639.58
Traj W/FB 1745.86 1683.14 1631.44

Fuel saving, %
Reference trajectory 54.5 56.3 57.8
US-76 53.9 55.6 57.6
Traj W/FB 54.8 56.5 57.8

r2, km
Reference trajectory 6727.83 6728.00 6728.06
US-76 6676.58 6647.80 6622.31
Traj W/FB 6748.42 6756.44 6771.60

of accuracy is achieved during the constant altitude � ight and the
exit phase with feedback controls.

Figure 5 shows the time historiesof the state variablesand the lift
controls for the case of r p1 D 6430 km. Notably, the dashed line in
the subplotof lift control is computedby using the exact control law
Eq. (62) for comparison with the approximate control law Eq. (42).
The subplot of lift control indicates that, at about time D 110 s, the
control computed by the exact control law (dashed line) becomes
in� nity due to the singularity at ° D 0. Table 1 summarizes the
numerical results of the trajectory elements and the characteristic
velocity changes for the orbital transfer with and without feedback
control. According to Table 1, the error at the lowest altitude for
the worst case (r p1 D 6430 km) is merely 180 m, correspondingto a
relative error of 0.3%, for the trajectory with feedback control (Traj
W/FB), whereas it has an error of 902 m for the trajectory without
feedback (US-76). Note that the trajectories for the cases with and
without feedback both operate under the � uctuation of US-76 at-
mospheric density. Errors for the pull-up velocity range from 19 to
21 m/s and 50 to 61 m/s for the cases with and without feedback, re-
spectively.As expected,the orbit targetingerrormarkedlydecreases
when using the explicit guidancebased on the MAE solutionsunder
the in� uence of atmospheric density variations.

Table 1 also lists the characteristicvelocity changes for all cases.
The values for 1V1 are very close, that is, only a difference of
3.21 m/s at most, because it is insensitive with respect to r p1 , as
pointed out in Ref. 10. On the other hand, 1V2 decreases rapidly
when r p1 is chosen higher. From the data listed for the total charac-
teristic velocity,1V1 C 1V2, velocity is reduced more than 100 m/s
for the case of r p1 D 6430 km. This is a 57.8% fuel saving over the
Hohmann transfer. For the realistic optimal AOT, the fuel saving
is about 59.6%. It has been pointed out that the minimum 1V2 is
achievedwhen the exit � ight-pathangle°e D 0. However, the target-
ing error increases due to a smaller °e. Such an increase is because,
for this type of trajectory, all forces involved have the same order
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of magnitude, thus invalidating the basic foundation of the MAE
method.

Conclusions
This work has presented an explicit guidance of AOT using the

analyticalsolutionsderivedby the method of MAE. AOT comprises
three consecutive phases: a descending phase, an atmospheric � y-
through at the lower layers of atmosphere with constant altitude
guidance, and an ascending � ight targeting the desired apogee. Ex-
plicit control laws for trajectory trackingand constant altitudeguid-
ance via lift modulation are obtained in terms of the current states
of the vehicle. A feedback linearizationtechnique is also applied to
generatepseudocontrolsfor compensatingthe nonlinearterms in the
motionof the vehicle, therebyensuringthe stabilityof the trajectory.
Feedback control is then used to guide the vehicle along the nomi-
nal trajectory,whereas a matched asymptotic solution targeting the
required apogee is available for trajectory tracking as well as deter-
mining the pull-up condition.Because the reference trajectory data
are produced analytically, the requirement is decreased for com-
puter resources in terms of power and storage space. The guidance
algorithmsare tested under the targetingdispersionsof atmospheric
variations. Simulation results of this explicit guidance by utilizing
the matchedasymptotic solution indicate that the controlalgorithms
can effectivelycontrol both the trajectoriesin the lower atmosphere
and in the exit phase. Although many optimal, suboptimal, or near-
optimal trajectories have been developed, whether these controls
can be feasibly implemented remains an open question. The ap-
proach proposed herein and its analytical formulas should be useful
for mission planning and onboard guidance.
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